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Fig. 2. In marked contrast to the uniformly good results obtained
for skin friction, the refined integral method predicts a displace-
ment thickness distribution that diverges drastically from the
rapid rise of the exact solution when the skin friction becomes
small (incipient blow-off), tending in fact toward the linear
behavior given by the ordinary Karman-Pohlhausen and
Rayleigh analogy approximations. Evidently, 3* is quite sensitive
to the skin-friction behavior near blow-off. It is also noteworthy
from Fig. 2 that the local similarity approximation once again
yields qualitatively correct results. Clearly, then, in spite of its
generally good accuracy in predicting skin friction, the refined
moment integral approach still possesses some deficiencies that
would limit its usefulness in treating strong blowing and incipient
separation problems where an accurate account of the displace-
ment effects is essential.

References
1 Zien, T. F., "Skin Friction on Porous Surfaces Calculated by a

Simple Integral Method," AIAA Journal, Vol. 10, No. 10, Oct. 1972,
pp. 1267-1268.

2 Tani, I., "On the Approximate Solution of the Laminar Boundary
Layer Equations," Journal of the Aeronautical Sciences, Vol. 21, 1954,
pp. 487^95.

3 Lees, L. and Reeves, B. L., "Supersonic Separated and Reattaching
Laminar Flows: I. General Theory and Application to Adiabatic
Boundary Layer/Shock Wave Interactions," AIAA Journal, Vol. 2,
No. 11, Nov. 1964, pp. 1907-1920.

4 Inger, G. R., "Laminar Boundary Layer Solutions with Strong
Blowing," AIAA Journal, Vol. 5, No. 9, Sept 1967, pp. 1677-1679.

5 Catherall, D., Stewartson, K., and Williams, P. G., "Viscous Flow
Past a Flat Plate with Uniform Injection," Proceedings of the Royal
Society (London), Ser. A, Vol. 284, 1965, pp. 370-396.

6 Inger, G. R. and Gaitatzes, G. A., "Strong Blowing into Super-
sonic Laminar Flows Around Two-Dimensional and Axisymmetric
Bodies," AIAA Journal, Vol. 9, No. 3, March 1971, pp. 436-443.

7 Catherall, D. and Mangier, K. W., "The Integration of the Two-
Dimensional Laminar Boundary Layer Equations Past the Point of
Vanishing Skin Friction," Journal of Fluid Mechanics, Vol. 26, 1966,
pp. 163-182.

Reply by Author to G. R. Inger

TsE-Fou ZIEN*
Naval Ordnance Laboratory, Silver Spring, Md.

THE author wishes to thank Professor Inger for taking
interest in the author's work.1 His enthusiastic efforts in

exploring the potential of the approximate method, currently
being investigated by the author, are particularly appreciated.
Stimulated by Inger's comments, the author feels that some
further remarks about Ref. 1 are in order.

The nature and basic ideas of this approximate method along
with its principal merits have been elucidated on several
occasions in the AIAA Journal [see Ref. (2) in particular], and,
therefore, require no further elaboration.

The merits of the present method are highlighted in Fig. 1
of the Comment which illustrates an interesting comparison on
the results produced by a wide variety of approximate methods
of different nature. In response to Inger's remarks on the obvious
inadequacy of the method near blow-off, it is perhaps appropriate
to reiterate here that the present method is only meant to be

a refinement of the usual Karman-Pohlhausen (K-P) method.
Being aware of the approximate nature of the method the present
author certainly makes no claim as to its perfection. Obviously,
Ref. 1 presented the method as a simple, practical tool for
studying usual boundary-layer flows with surface mass transfer.
In this form, it was never intended for studying the delicate and
difficult problem of blow-off, separation or separated flows.

In light of the aforementioned discussion, Fig. 2 of the
Comment provides further evidence to the accuracy of the present
method. It is emphasized that due care must be exercised in
observing the obvious region of its intended applications, i.e.,
s2Rex < (s2Rex)Tw=0 (^0.4 for the particular profile under
discussion; s = vju^}. Accordingly, Inger's calculation of 6*,
based on the solutions of Ref. (1), should have been limited to
this region where the refined integral method [Ref. (1)] predicts
positive skin friction. The importance of the effective displace-
ment thickness in studying the problem of viscous-inviscid
interaction in the presence of surface mass transfer has received
considerable attention from most fluid dynamicists, including
the present author3 (unsteady, weak interactions). Interested
readers are referred to Fannelop4 and Li5 among others, for a
more thorough discussion on the subject and pertinent
references. We only note that the conventional displacement
thickness, <5*, alone generally does not represent the total
displacement effect. Modifications should be made to account
for the effects of surface mass transfer.

In closing, the author is of the opinion that the merits of the
refined K-P method, as illustrated and reiterated in Refs. 1 and
2, are best exploited when applications are made to the
calculations of surface properties. The extension of the method
to study problems of massive blowing, viscous interaction, or
separated flows must proceed with caution.

Finally, the author would like to take this opportunity to
correct a minor typographical error in Ref. 1. The suction
strength in the caption of Fig. 4 should read sAl/2 = —1/(2)1/2.
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Comment on "Finite Elements for
Axisymmetric Solids under Arbitrary

Loadings with Nodes on Origin"
KARL E. BUCK*

Brown, Boveri & Cie. AG, Mannheim, W. Germany

IN a Technical Note, Belytschko1 outlines how a finite element
analysis of axisymmetric solids using linear displacement tri-

angular ring elements may correctly include nodes lying on the
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axis of revolution. If arbitrary loading is represented by Fourier
series, additional constraint conditions for the degrees of freedom
of the axis nodes are derived from the consideration that, for
any axis point, the strains associated with the assumed linear
displacement field should not become singular.

It is the purpose of this Comment to point out that these
constraint conditions follow directly from the general kinematical
compatibility requirements, i.e., from the condition that the
displacement field be continuous. Corresponding constraint con-
ditions may be applied2'3 to the analysis of axisymmetric solids
using not only linear displacement but also quadratic and cubic
displacement triangular ring elements.

Furthermore, if instead of the third of Belytschko's Eq. (3)1 we
use

ue(r, z, 9) = £>0>, z)(-sin n r, z) cos nO (1)

the element stiffnesses and associated matrices will be the same
for the symmetric and antisymmetric components of each
harmonic, i.e., for n and — n (with the exception of the zeroth
harmonic). Thus the effort to set up the stiffness matrices is
considerably reduced.
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TED BELYTSCHKO*
University of Illinois at Chicago, Chicago, III.

REGARDLESS of whether the constraint conditions, Eqs.
(5) are derived from continuity or the boundedness of the

strains, the resulting conditions must be directly imposed on
the displacement fields of elements with nodes on the origin to
avoid singularities in the stiffness matrices. Reference 2 of the
Comment does not mention this.

It should be added that maintaining the boundedness of all
terms of the stiffness matrix is not essential in static analysis. If
the singular terms are not omitted, the numerical integration of
these terms then yields elements in the stiffness equations which
are an order of magnitude larger than the others; these larger
terms are essentially linear combinations of the constraints.
However, this is a rather unsound manner for treating these
terms and fails totally in the explicit integration of the transient
equations. In that case, the stability limit on the time step is
inversely proportional to the largest element in the stiffness
matrix. Thus the inclusion of the unbounded stiffness matrix
terms leads to prohibitively small stability limits and the explicit

integration of the transient equations is impossible. Hence, the
enforcement of the constraints on the element displacement
field as given in Ref. 1 is mandatory for any application of the
stiffness matrix to explicit transient solutions and also preferable
in static solutions.
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Closed-Form Lift and Moment for
Osborne's Unsteady Thin-Airfoil Theory

NELSON H. KEMP*
Avco Everett Research Laboratory Inc., Everett, Mass.

IN Ref. 1 Osborne presented an approximate theory for the
unsteady motion of a two-dimensional thin airfoil in subsonic

flow. As applications, he wrote the lift and moment for an
airfoil subject to three oscillating upwash distributions whose
chordwise dependence can be expressed in a cosine series. In
only one of these three cases was the lift and moment written
in closed form. In the other two, they involved infinite series
of products of Bessel functions.

One purpose of this Comment is to point out that, all these
series can be summed, so that closed form expressions for the
lift and moment can be obtained in all the cases considered by
Osborne, thereby simplifying considerably their use in numerical
calculation. For example, these simplifications would have been
of value in Osborne's recent discussion of compressibility effects
in unsteady interactions between the blade rows of turbo-
machines.2

A second purpose is to present, also in closed form, the lift and
moment for the case of pitching oscillations, to complement
the plunging oscillation case given by Osborne.

The notation used will be that of Ref. 1, where the most
general type of upwash considered has the form

v(x, t) = v0 exp (ivt- ifix/V) (1)
This is referred to by Osborne as "Kemp-type upwash" because
it was first introduced in Ref. 3. In terms of the parameters

A = nc/V, co = vc/V, col = oj/p2, /} = M V, A = A + A1'
(2)

and the Bessel function abbreviations
J = J0-Ul, C=Kl/(K0 + K l ) , S(z)=[iz(K0 + Kl)]-1

(3)
the lift and nose-up moment for upwash (1) is given by Osborne1

in Eqs. (29) and (30) as

L(t) =

(4)2/[(A-o/)/A2]
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